Abstract: If the electroweak phase transition (EWPT) is of strongly first order due to higher dimensional operators, the scale of new physics generating them is at the TeV scale or below. In this case the effective-field theory (EFT) neglecting operators of dimension higher than six may overlook terms that are relevant for the EWPT analysis. In this article we study the EWPT in the EFT to dimension eight. We estimate the reach of the future gravitational wave observatory LISA for probing the region in which the EWPT is strongly first order and compare it with the capabilities of the Higgs measurements via double-Higgs production at current and future colliders. We also match different UV models to the previously mentioned dimension-eight EFT and demonstrate that, from the top-down point of view, the doubleHiggs production is not the best signal to explore these scenarios.
Introduction
We accurately measured the Higgs mass and its couplings to the heavy SM fermions and gauge bosons [1] , but the ElecroWeak (EW) sector remains very uncertain. Within the current constraints, there is still room for a vast variety of phenomena that exhibit intriguing signatures. One of them is the possibility that the Higgs field produces gravitational waves when it acquires a Vacuum Expectation Value (VEV) [2] [3] [4] . For this to happen, the EW Symmetry Breaking (EWSB) must proceed via a Strong First Order EW Phase Transition (SFOEWPT). This is only possible if physics beyond the Standard Model (SM) exists, as such a transition requires the finite-temperature Higgs potential to behave radically differently from the one of the SM [5] [6] [7] [8] 1 . Numerous extensions of the SM exhibiting a SFOEWPT have been considered in the literature. In most of the cases, the main ingredient to depart from the SM finite-temperature Higgs potential is to invoke new light particles in the thermal plasma coupled to the Higgs [20, 21] . In general, making these new light fields naturally compatible with the present LHC 1 This different behaviour is not needed in (peculiar) setups where the EWPT is preceded by some exotic phenomena. One example is the warped extradimension framework in which the EWPT is forbidden till when the decomposite-composite transition starts [9] [10] [11] [12] . A further case occurs when inflation has a reheating temperature below the EW scale [13] [14] [15] [16] [17] [18] [19] .
constraints requires to rely on either extra symmetries or particular parameter regions. The strategies to test these scenarios are therefore very model dependent. However, new light particles are not a necessary ingredient to achieve a SFOEWPT. Higher-dimensional operators, obtained by integrating out heavy fields, can also provide large non-SM contributions to the Higgs potential. In this case, the lack of observation of additional particles would not be ascribed to circumstantial conditions, but simply to a considerable gap between the EW scale and the new physics scale, f .
At the EW scale, the theory with O(f )-mass fields can be described by an effective Lagrangian containing the SM interactions as well as a tower of effective operators suppressed by powers of 1/f . Among these operators, the interactions O n = (φ † φ) n 2 have a radical impact on the Higgs potential (here φ is the Higgs EW doublet and n an even integer larger than four). Refs. [22] [23] [24] [25] [26] [27] [28] studied in detail the dynamics of the EWPT in the presence of only O 6 . They showed that, in order for the EWSB to proceed via a SFOEWPT, the new physics scale must be f 600 GeV if its couplings are of order one. The small gap between the EW scale v ∼ 246 GeV and the required f carries two major implications. (i) It points out that the EFT to dimension six is inaccurate. Any observable related to the EWPT receives corrections of order ∼ v 2 /f 2 20%. The next tower of effective interactions, namely O 8 , must be included. (ii) It triggers the question of which new physics, at a scale of few hundreds GeV can produce such large modifications of the Higgs potential without being constrained by other Higgs measurements or direct LHC searches. We address these two points in this paper.
Thus, in section 2, we present the analysis of the EWPT in this extended EFT. We investigate the validity of the mean-field approximation. Moreover, we accurately determine the regions of the parameter space leading to the SFOEWPT, and characterize the consequent gravitational wave spectrum. We also identify the precise values of the coefficients of O 6 and O 8 that the future gravitational wave observatory LISA can test. Finally, we compare this region with the one that can be tested at colliders, sensitive to O 6 and O 8 via the Higgs self coupling measurements.
Next, in section 3, we discuss those models that can be matched to the EFT above without conflicting with current data. Among the most natural candidates, we single out a weakly-coupled custodial quadruplet extension. We study its phenomenology and find that at the LHC the most promising search for such an extension is to look for multi-lepton signals. Section 4 is devoted to our conclusions.
The electroweak phase transition in the EFT to dimension eight
Let us consider the SM extended with the effective operators O 6 and O 8 , the relevant Lagrangian being
where L SM is the SM Lagrangian, φ is the Higgs doublet and f stands for the scale of new physics. In this section we determine the VEV of the Higgs at the critical and nucleation temperatures, v Tc and v Tn , the latent heat of the phase transition, α, and the inverse duration time of the phase transition, β/H, in this non-minimal EFT. The results we obtain extend those previously obtained in the literature (see e.g. Refs. [23, 25] ), where only O 6 has been considered (despite the low cutoff and the consequent potential breaking of the EFT approach).
Finite temperature potential
The first ingredient we need is the Coleman-Weinberg effective potential at finite temperature; see Ref. [20] for a review. In the Landau gauge and in the M S renormalization scheme, the one-loop effective potential V 1 of our EFT scenario can be expressed as
with
3) 6) where ∆V 1 ,T =0 is the temperature-independent one-loop contribution and V 1 ,T =0 is the (oneloop) remaining part. The variable h c is a constant background field of the Higgs. In Eq. (2.5), n i are the degrees of freedom n W = 2n Z = 2n χ = 6n h = −n t /2 = 6, while C i is equal to 5/6 for gauge bosons and 3/2 for scalars and fermions. The h c -dependent squared masses m 2 i are
The explicit expression of the functions J b and J f , with or without the hard thermal loop resummation, can be found e.g. in Ref. [20, 29] .
Since our main results turn out to be quite insensitive to details, we can set the Yukawa, SU (2) L and U (1) Y gauge couplings at tree level by fixing m t (v), m W (v) and m Z (v) in Eq. (2.9) at 172, 80 and 91 GeV, respectively. For the mean-field estimates, in which zerotemperature one-loop corrections are neglected, we moreover constrain µ 2 at tree level by requiring V tree to have a minimum at h c = v: In the right panel, the potential is unbounded from below, but the instability scale is above the cutoff f = 1 TeV (µ 2 = 3000 GeV 2 , λ = −0.03, T x = T n = 99 GeV ). T c is the critical temperature obtained in the mean-field approximation.
Similarly, to set λ, we require ∂ 2 V (φ c )/∂h 2 c | hc=v = (125 GeV) 2 , which implies
The remaining free parameters in V 1 are therefore c 6 /f 2 and c 8 /f 4 . Notice that the EFT is a valid description of the theory only at energy scales much below f , therefore we do not address questions of the stability of the potential. Thus, we do not exclude a priori all values of c 8 and c 6 leading to V 1 unbounded from below; we only require
This in practice corresponds to imposing a lower bound on c 8 that varies with f . Such constraint is c 8 −9 for f = 1 TeV and c 8 −2 for f = 2 TeV. For concreteness, we limit the plots hereafter to the first bound. Figure 1 shows the typical classes of potentials that we consider: Cases where the potential has a tree level barrier between the minima (left panel), cases where such a barrier is only due to a finite temperature (one-loop) effect (central panel), and cases where the potential is unbounded from below but the instability arises at a scale larger than f (right panel). See Ref. [30] for phenomenological discussions of new physics models in each class.
Mean-field estimates
From V 1 it is straightforward to determine some quantities that roughly characterise the EWPT, namely T c and v Tc /T c . The critical temperature, T c , is the temperature at which the minima of the broken and unbroken phases are degenerate. It provides the upper bound on the temperature at which the EWPT really starts, T n . The quantity v Tc /T c , with v Tc being the VEV of the Higgs in the EW broken phase at T = T c , is linked to the strength of the EWPT. Indeed, due to the fact that v T /T typically decreases with increasing T , v Tc /T c can be used as a lower bound on the actual value of v T /T during the EWPT (if the transition ever happens; see below).
The potential V 1 is easy to treat numerically, but for analytic insights on T c and v Tc /T c , the mean-field approximation may be helpful. We then begin neglecting ∆ 1 ,T =0 V (h c ). In ∆ 1 ,T =0 V (h c ), we consider the high-temperature expansion of J b and J f and retain their leading terms, i.e. J b (x) → π 2 x/12 and J f (x) → −π 2 x/24 in Eq. (2.6). The potential V 1 now reduces to the form
f 4 . In Eq. (2.13) the thermal contribution can only raise the potential at h c = 0. No transition from the symmetric to the broken phase is conceivable if at zero temperature the EW breaking minimum is above the symmetric one. Hence, the condition V mean (v, T = 0) < V mean (0, T = 0) has to be satisfied, which is equivalent to
(2.14)
Saturating the inequality is not feasible. As previously mentioned, there must be a gap between T c and T n , and the stronger the phase transition is the larger is the gap. For this reason, values of c 6 /f 2 close to the upper bound in Eq. (2.14) are not acceptable since they lead to T c → 0 and v Tc /T c → ∞. In this limit the EWPT would never happen within the lifetime of the Universe. Such values of c 6 /f 2 are thus expected to be ruled out by more sophisticated estimates; see section 2.3. For the same reason, it is at large c 6 /f 2 that, whenever the EWPT can really start, the parameter scenarios with the strongest EWPTs arise. To appreciate the relevance of this effect, let us first evaluate the EWPT disregarding the issue. We fix the values of µ and λ as in Eqs. (2.10) and (2.11), and we require c 6 and c 8 to fulfil Eq. (2.12). Moreover, by definition, at T = T c the EWSB minimum is degenerate with the symmetric one. These properties lead to the following relations for v Tc and T c : Left) The filled region shows the allowed values for c 6 and c 8 such that at T = 0 the deepest minimum is at v. In the darker areas there is a second minimum above the one at v. For negative c 8 , we cut off the potential at 1 TeV and demand that V (1TeV) > V (v) to ensure that the global minimum is at v. border, T c = 0 and v Tc /T c = ∞. On the left of it, the above conditions for a first order EWPT are not satisfied. Below it, instead, Eq. (2.12) is not satisfied for f = 1 TeV. (As previously explained, this border would move up or down by assuming different values of f .) The yellow and green regions mark the values of c 6 /f 2 and c 8 /f 2 leading to 0.7 < v Tc /T c < 1.3 and v Tc /T c > 1.3, respectively. These regions are split into a darker and a lighter areas. For c 8 /f 2 < 0 the former shows where V tree is unbounded from below but the instability is above the cutoff (cf. right panel in Fig. 1) ; in the latter, V tree does not provide any sign of instability below the cutoff (cf. left and central panels in Fig. 1 ). The same split is applied to the grey region where the EWPT is not strong. In the dark grey area with c 8 /f 2 > 0, besides the global minimum at h c = v, V tree presents a further minimum at h c ∈]v, f [. (For phenomenological implications of the latter see e.g. Ref. [31] .) We do not further discuss this peculiar configuration since it does not appear in the region with a SFOEWT. The right panel of Fig. 2 shows a zoom of the rectangle in the plot in the left panel. It also reports some contour curves for T c .
Numerical procedure
The quantity v Tc /T c is a good estimate of the strength of the EWPT only when the gap between T c and T n is small. Quantitatively, T n is defined as the temperature at which the probability for the nucleation of one single bubble (containing the broken phase) in a horizon volume is approximately ∼ 1. For our scenario, the nucleation temperature can be considered in practice as the temperature T n such that S 3 [V 1 (h c , T n )] 140 T n , with S 3 the action of the thermal decay from the false to the true vacuum of V 1 [20, 29] 2 . Analytically, S 3 can be calculated in the limit of thin or thick wall bubbles [20] , but in general we do not expect our bubble profiles to precisely fulfil any of these two limits. We thus determine S 3 numerically. For this scope, we use the code CosmoTransition [32] in which, to be more accurate, we do not implement the potential in the mean-field approximation but as in Eq. (2.2) with the hard-thermal loop resummations in J b and J f included 3 . For this second and more precise study of the EWPT, for each value of c 6 /f 2 and c 8 /f 4 we determine numerically the values of µ and λ for which h c = v and m h ∼ 125 GeV.
The findings for T n and v Tn /T n are respectively displayed in the top left and top right panels of Fig. 3 (dotted lines). As expected, for values of c 6 /f 2 nearby its upper limit (right border of the gray area; cf. Eq. (2.14)), S 3 [V 1 (h c , T )]/T is larger than 140 for any T , meaning that the EWPT never starts. This problem is avoided when 2c 6 /f 2 + 3v 2 c 8 /f 4 goes below the threshold of about 3.5 (black, thick dashed line). Conceptually, at the threshold one obtains T n = 0 and v Tn /T n = ∞. The strongest EWPTs and largest supercoolings (namely, the gaps between T n and T c ) are thus achieved just below this threshold. By departing from it (i.e. by reducing c 6 /f 2 at fixed c 8 /f 4 ), the supercooling is reduced and, in turn, v Tn /T n drops down. At some point, at about c 6 /f 2 + 3v 2 c 8 /(2f 4 ) ≈ 1.5, the parameter v Tn /T n reaches 0.7, below which we do not draw any result. (We also omit the findings in the region where the EW vacuum instability is below the cutoff; see section 2.2.) The values of c 6 /f 2 and c 8 /f 4 relevant for the present paper are therefore those within the gray and yellow regions on the left of the dashed thick line.
The behaviour of T n and T c just described is also visible in the left panel of Fig. 4 . As the figure highlights, for v Tn /T n 4 the discrepancy between T n (evaluated with the full potential V 1 and hard-thermal loop resummation) and T c (evaluated in the mean-field approximation) is about 20%, whereas negligible for v Tn /T n 1. From this point of view, what prevents the use of v Tc /T c 1 in the mean-field approximation as a bound for EW baryogenesis (instead of v Tn /T n 1) is not the accuracy of the result but the presence of a sizeable region where the nucleation never occurs.
Within the allowed c 6 /f 2 -c 8 /f 4 parameter region, we also calculate the inverse duration time of the phase transition and the normalised latent heat. In our case we can approximate them, respectively, by β/H = T n d dT
n ), where (T n ) is the latent heat at the temperature T n . We determine them by means of CosmoTransition 4 . Their dependencies on c 6 /f 2 and c 8 /f 4 are presented in the bottom panels of Fig. 3 . The correlation .14) is violated. In the gray area to the right of the dashed line, the lifetime of the EW symmetric vacuum is longer that the age of the Universe, whereas on the left the transition results too weak for our purposes, i.e. v Tn /T n < 0.7. Below the grey area, the EW vacuum at zero temperature is not the global minimum at scales below the cutoff f = 1 TeV. In orange the parameter region LISA is sensitive to.
between T n , v Tn /T n , α and β/H is evident. It is clear that all these quantities practically do not depend on c 6 /f 2 and c 8 /f 4 separately but only on 2c 6 /f 2 + 3v 2 c 8 /f 4 . As expected, nearby the thick dashed line, where T n is small and v Tn /T n is large, the EWPT exhibits small β/H and large α, typical of large supercoolings. The values of α and β/H that we obtain are more readable in (solid curves). In general, for c 8 = 0, our results are in very good agreement with those of Ref. [23, 25] . A further quantity useful to characterise the EWPT is v w , the velocity at which the bubbles containing the broken phase expand into the EW symmetric phase. This speed results from the balance between the pressure difference between the two phases and the friction of the plasma on the bubbles. In general, the determination of v w is subtle [24, [34] [35] [36] . Fortunately, for our aim, it is relevant to know v w only when v Tn /T n 4; see below. In such a regime, on one side one expects v 0.9 [34] , on the other side v w cannot reach the speed of light, even asymptotically [37, 38] . Due to this tiny window, it seems acceptable to take v w = 0.95, for which we can straightforwardly adopt some results of the gravitational wave literature.
A SFOEWPT sources a gravitational wave stochastic background. Its power spectrum depends on v w , T n , β/H and α [39] . If the amplitude of the signal is strong enough, the LISA experiment will be able to detect it towards the end of the LHC [40] . Figure 4 in Ref. [39] shows the values of β/H and α that LISA can probe when v w 0.95. We use this figure to forecast the capabilities of LISA for constraining the EFT we are working with 5 . The region that can be tested is marked in yellow in Figs. 3 and 4. 
Interplay between gravitational wave signatures and Higgs-self coupling measurements
From the bottom-up perspective we have adopted so far, the only collider implications of the operators O 6 and O 8 are changes in the rates of double-and triple-Higgs production. These are related to the modified Higgs couplings. Neglecting radiative corrections, the latter are given by
16)
The corresponding numbers at one loop, obtained numerically for several values of c 6 /f 2 and c 8 /f 8 are also shown in Tab. 1. These couplings have not been experimentally constrained yet. However, departures on the Higgs trilinear coupling beyond the range [−0.7, 7.1] will be accessible at the 95% C.L. in the HL-LHC run [41] [42] [43] . Moreover, values outside the interval [0.1, 1.9] [42] can be probed in a future FCC-ee facility [44] . Likewise, searches for double-Higgs and triple-Higgs production at future hadron colliders might also constrain λ 4 [45] . The reach of the different facilities is shown in the left panel of Fig. 5 as a function of c 6 /f 2 , c 8 /f 4 . In the right panel, this information is depicted in the plane λ 3 /λ 3,SM -λ 4 /λ 4,SM . The grey area in the latter shows the non-accessible region of a 100 TeV pp collider, taken from Ref. [45] (the reference cuts at λ 4 /λ 4,SM = 11, and so do we). As we already mentioned, the region of the SFOEWPT identified by the nucleation temperature is a subset of the region found by the mean-field approximation. The region of parameter space that LISA is sensitive to is a subset of the former. With LISA starting to take data in the early 2030's, a sensible part of the parameter space where the SFOEWPT takes place would be first probed by LISA. Almost the complete parameter space would be tested at a future FCC-ee. A future hadron collider with 30 ab −1 [45] could be fully conclusive. 
Matching of concrete models
The operators O 6 and O 8 are most commonly induced by new heavy scalars. These fields, however, generate normally other operators already at dimension six. Our aim here is to single out the properties of those UV completions that generate only O 6 and O 8 and are allowed by current data. Let us parameterize the effective Lagrangian after integrating out the new degrees of freedom as 
These typically appear together with further effective interactions. The same scalars generating O 6 , O d6 and O φD also induce, at the same order, the operators
with y ψ the Yukawa coupling of the SM fermions, here generically indicated as ψ L and ψ R . These operators modifiy the Higgs-fermion interactions. O d6 provides a contribution to the Higgs kinetic term. As a consequence, the Higgs couplings to fermions and gauge bosons are modified with respect to those of the SM by the factors
with 5) and I γ −1.84, J γ 8.32. We can obtain robust constraints on c d6 from the present LHC measurements by marginalising the Run-2 constraints on a over all possible values of c. One obtains [50] 
A further improvement to ±0.03 is expected at the end of the HL run if no new physics is found [50] . We also note that neglecting O φD can be justified at the matching scale, since c φD (f ) ≈ 0 can be naturally explained by means of UV symmetries. However, due to O d6 , c φD runs between the renormalization scales f and v [51] :
The present constraint on the coupling of O φD , namely [52] − 0.023 < c φD /f 2 TeV 2 < 0.006 , (3.8)
provides an (indirect) bound on c d6 . Clearly, in view of the these bounds on c d6 and c φD , there will be little room for these couplings to be of the size of c 6 , as suggested by power counting estimates in weakly-coupled scenarios. It is therefore crucial to understand whether there exist concrete UV scenarios that, at low energy, naturally generate a large hierarchy between c 6 and the other c i coefficients. A hierarchy between different operator coefficients can also be generated (rather model-independently) with strongly-coupled UV-completions. We discuss the resulting picture in section 3.3.
7 In a complete dimension-six analysis, there are even more operators contributing to these factors, like Gµν G µν φ † φ and a similar operator for the photon. These can also be constrained by Higgs-couplings measurements and they do not contribute to the EWPT at tree level.
New scalars with weak isospin I ≤ 1
In light of the above discussion, it is worth considering scenarios in which operators other than O 6 are negligible. To this aim, let us first assume that the SM Higgs sector is extended only with new heavy scalars with isospin I 1; see Ref. [48] for a related discussion. Concrete realisations and their signals at lepton colliders have been also discussed in Ref. [53] . In the simplest case in which there is only one new field, ϕ, O 6 is the only operator generated at tree level if and only if ϕ is a colourless SU (2) L doublet with vanishing couplings to the fermions [47, 54] . This scenario is then poorly motivated, because there is no symmetry that can remove only the doublet couplings to fermionic currents, since a Z 2 parity under which they are the only odd fields would make c 6 also vanish. Moreover, the new doublets appearing in the most common UV setups do not exhibit this property.
On the other hand, one might argue that many motivated extensions of the SM Higgs sector involve several new fields. This is for instance the case of non-minimal composite Higgs models 8 . One particularly interesting example is the coset SU (5)/SO(5) [56] , which admits a four-dimensional UV completion [57] . The scalar sector consists of a hyperchargeless triplet, Ξ 0 , a triplet with hypercharge 1, Ξ 1 , and a neutral singlet S on top of the Higgs doublet. The effective operators we are interested in receive multiple contributions, namely
and
where M is the (assumed common) mass term of all new scalars, and the other couplings just parameterise the renormalizable interactions among themselves and the SM particles [47] . It is interesting to show that not even in this case, which contains several scalars and many different couplings, can O 6 be the only non-vanishing operator. Indeed, c φD only vanishes for
This choice can in fact be enforced by an SU (2) L × SU (2) R symmetry, as in the Georgi-Machacek model [58] . It would yield
12) 8 We note that composite Higgs models involve strongly-coupled dynamics and they are better described by the EW chiral Lagrangian; see section 3.3. However, it has been shown that, in certain parameter space regions, the contribution of the extra scalars to the Higgs effective operators can overcome the contribution of the strong sector [55] .
which could then be removed by enforcing κ S = √ 6|κ Ξ 1 |. As a result, it would turn out that c ψφ /f 2 = 4|κ Ξ 1 | 2 /M 4 , which vanishes if and only if κ Ξ 1 = 0. In such a case, however, c 6 is vanishing too.
Actually, we can go further and show that there is no weakly-coupled renormalizable extension of the Higgs sector containing singlets or triplets -with non-vanishing couplings to the SM-in which the effective operators produced after integrating out all new scalars at tree level modify only the scalar potential.
In order to prove this statement, let us work in the Warsaw basis and use the results of Ref. [47] . Let us also assume first that the extended Higgs sector contains (at least) one neutral singlet. This field generates a positive c d6 that can be only cancelled by the contribution of a colourless triplet scalar. Indeed, any combination of colourless-triplet scalars, independently of the number of fields and their quantum numbers, gives a negative contribution to c d6 . This contribution is in fact the sum of all independent contributions [47] .
Colourless triplet scalars, on their side, also produce the operator O ψφ with coefficient c ψφ ∝ c d6 . Therefore, it cannot be neglected if the triplet has to cancel the singlet contribution to O d6 . The operator O ψφ , in turn, cannot be cancelled by the singlet, which does not produce it at all at tree level. For this matter, at least one extra doublet is to be present, too. However, doublets produce also four-fermion operators like O le = (l L γ µ l L )(e R γ µ e R ). This is actually generated only by doublets, with negative sign for l L and e R of the same flavour. So, it cannot be removed at all by including other scalar fields. Instead, its coefficient must be explicitly forced to vanish. In such a case, however, the coupling c ψφ induced by the triplets would be strictly vanishing, and so all the linear interactions between the new physics and the SM, in contradiction with our hypothesis. Had we started considering the presence of at least one triplet, instead of one singlet, we would have arrived to exactly the same conclusion.
New scalars with weak isospin I > 1
Let us now consider the case I > 1. The only scalars that can couple in a renormalizable way to the SM sector are quadruplets with hypercharges Y = 1/2, 3/2. Interestingly, they contribute only to O 6 when integrated out. These quadruplets can appear, for example, in Grand Unified Theories (GUT).
In GUT models, the SM fermions as well as the Higgs doublet are embedded in multiplets of a simple gauge group containing the SM SU (3) c × SU (2) L × U (1) Y . Two main GUT gauge groups have been typically considered in the literature, namely SU (5) and SO(10) (and at a lesser extent, E 6 ⊃ SO(10) ⊃ SU (5)). The minimal irreducible representations of the scalar fields that can lead to SM gauge uncoloured quadruplets are the 35 and the 70 in SU (5) [59, 60] .
Obviously, such large-dimensional representations do not decompose only into quadruplets, but into many other states. An example is 13) where the two numbers in parenthesis and the sub-index denote the dimension of the irreducible representation of SU (3) c and SU (2) L under which the corresponding field transforms and its hypercharge, respectively. Clearly, larger representations reduce to a larger number of exotic fields. Despite being unlikely, it is still possible that the effective operators generated by the coloured scalars are sub-leading with respect to the O 6 induced by the quadruplet. This can happen it two cases: i) If the coloured scalars are much heavier (which can be justified if a specific mechanism, similar to those advocated to solve the doublet-triplet splitting problem in SUSY GUT models [61] [62] [63] [64] [65] [66] , is enforced); ii) if all non-quadruplet fields have vanishing linear couplings to the SM at the renormalizable level. Surprisingly, this is the case for all extra fields in Eq. (3.13) (although in principle they could couple, e.g., to dangerous flavour-violating currents via effective interactions). Although the representation 35 does not include the Higgs boson, nor is required to break SU (5) down to the SM gauge group (unlike e.g. the 24), the aforementioned observations motivate further studies of a Higgs sector extended with quadruplets 9 . There is a caveat, though. Despite being suppressed by higher powers of 1/M 2 , with M the mass of these fields, dimension-eight operators can be also in conflict with current data. For example, for a quadruplet with Y = 3/2, the operator (φ † φ)O φD , which violates custodial symmetry at dimension eight, carries a coefficient of order ∼ c 6 /M 4 . The rather low upper bound on M few hundred GeVs implied by the SFOEWPT is therefore in tension with the very well measured value of the ρ parameter [67, 68] . Indeed, the experimental bound ρ exp = (1.00037 ± 0.00023) [69] imposes M 1 TeV. A way out to this problem is considering a custodially symmetric quadruplet setup. We devote next section to this topic.
A custodial quadruplet setup
We start from the custodially symmetric Lagrangian of the SU (2)-quadruplet that was discussed in Ref. [70] . The potential is 10
14)
9 Larger representations, such as the mentioned 70, do contain a Higgs doublet, but also other fields with renormalizable interactions to the SM fermions. Moreover, smaller representations typically contain singlets and triplets (such as in the 15 and the 24, to name a few). 10 We use the same convention and notation for the generators as in Ref. [70] .
where A is the trace of the matrix A, and
In this notation, Θ 3 has hypercharge 3/2, Θ 1 has hypercharge 1/2, and φ is the SM-Higgs doublet. The covariant derivative is defined as
From Eq. (3.14) we can derive the equations of motion for Θ and integrate it out at tree level. We find
(3.17)
The contribution to ∆L 6 is consistent with [47] . There, the contribution of Θ 3 is 3λ 2 Θ /(2µ 2 Θ ) and the one of Θ 1 (with the relation λ Θ 1 = − √ 3λ Θ 3 coming from Eq. (3.14)) is also 3λ 2 Θ /(2µ 2 Θ ). The resulting factor of 3 is absorbed in the different definition of O 6 compared to ours. We see that at dimension eight the model induces the desired contribution to the Higgs potential, as well as two more contributions with two derivatives. All of them conserve custodial symmetry.
We have also checked, using SARAH [71] , that loop corrections to the ρ and S parameters are well within the experimental bound. The collider phenomenology of the custodial quadruplet can be understood in terms of the unbroken SU (2) V . The Higgs bi-doublet decomposes as (2, 2) = 1 + 3, while the custodial bi-quadruplet decomposes as (4, 4) = 1 + 3 + 5 + 7. The latter singlet and triplet contain only electrically neutral and singly-charged scalars, which are difficult to produce and detect at colliders. Note that they only couple to the SM fermions via the mixing with the Higgs singlet and triplet. Moreover, this mixing is very small: After all, O 6 is the only operator generated at tree level, which does not modify the Higgs couplings at low energy. This also suggests that measuring the Higgs couplings is not the most promising strategy to test this setup.
Moreover, the septuplet contains large electric charges. However, these cannot directly decay into pairs of SM particles 11 . They decay only via the emission of (soft) gauge bosons 300 400 500 600 700 800 900 1000 [pb]
300 400 500 600 700 800 900 1000 into lower-charged states in the custodial quadruplet, which are also difficult to test at colliders. The quintuplet, instead, can be both efficiently produced (in pairs via EW interactions) and decays mostly into pairs of gauge bosons (indeed 3 × 3 = 1 + 3 + 5). Decays into pairs of Higgs bosons are not allowed, because this is a complete singlet of SU (2) V . In particular, the doubly-charged, singly-charged and neutral components of the quintuplet decay with branching ratios
We implement this model in MadGraph v5 [72] by means of Feynrules v2 [73] . We subsequently compute the pair-production cross sections mediated by neutral and charged currents for masses in between 300 and 1000 GeV. The results are shown in the upper left and upper right panels of Fig. 6 , respectively.
We have also estimated the current and the future LHC reach for this scenario. To this aim, we have generated Monte Carlo events, including radiation, fragmentation and hadronization effects with Pythia v6 [74] , and analysed them using CheckMate v2 [75] . The latter implements several multi-lepton SUSY searches. Among them, the search that turns out to be the most sensitive to our scenario, is the "SR3 − H" signal region of Ref. [76] , which looks for three leptons, no b-jets and large missing energy. This analysis considers 13 fb −1 of LHC data at √ s = 13 TeV. The integrated luminosity needed to exclude a particular value of the quadruplet mass at the 95% C.L. can then be estimated as
where s/s excl is the number of expected signal events over the number of excluded signal events as reported by CheckMate. The corresponding result is represented by the thick solid line in the left bottom panel of Fig. 6 . The thin solid line represents the luminosity required to test the different masses using the improved multi-lepton search described in Ref. [77] . As things stand, masses as large as M ∼ 600 GeV can be tested in multi-lepton final states at the LHC. Getting ahead of the results discussed, we also show the reach of LHC Higgs-self couplings measurements as well as that of the gravitational wave observatory LISA; see right bottom panel in Fig. 6 . Interestingly, the former cannot even test the parameter space region where the FOEWPT takes place. (As a matter of fact, in the present scenario the LHC Higgs-self couplings measurements are sensitive only to the region where the theory does not achieve EWSB.). These results suggest that most weakly-coupled models (those containing SU (2) L charged states), even if tuned to avoid large corrections to operators other than O 6 , can be better tested at gravitational wave observatories or in direct LHC searches 12 .
Strongly-coupled models
So far, we discussed the dynamics of the electroweak phase transition in presence of effective modifications of the scalar potential only, as well as potential UV-completions that lead to this particular pattern of low-energy effects. Working in a generic bottom-up EFT, we would in principle have many more effective operators, with coefficients of similar size to the coefficients that modify the potential. To overcome the strong experimental constraints on these operators, we require a hierarchy between the large effects in the scalar sector and the more constrained effects in the gauge-fermion sector. This can be achieved with a strongly-coupled UV-completion. While the complete description of such a UV-completion requires lattice simulations (and is therefore more model-dependent), we can describe the low-energy effects by assuming a mass gap between the (pseudo-) Nambu-Goldstone bosons and the higher resonances of the theory. The EW chiral Lagrangian (ewχL) [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] is the most general EFT that describes such low-energy effects of strongly-coupled new physics. Historically, it 12 Note that most SM extensions avoiding large corrections to operators such as O φD or O d6 involve different multiplets and therefore charged (often doubly-charged) scalars. One possible counter-example is a singlet scalar whose own parameters are tuned; see Ref. [41] .
emerged from the Higgs-less chiral Lagrangian [91] [92] [93] [94] , which was then supplemented with a generic scalar singlet h. Since this does not assume any IR-doublet structure for the Higgs, it describes a very wide class of new-physics models that induce large deviations in the Higgs sector from the SM. The leading-order ewχL is 20) where U stands for the exponential of the Goldstone matrix, G, W and B are the SM gauge fields, u R , d R , e R , q L and L are the fermions of the SM, and Y are generalised Yukawa couplings. The scalar h couples through general polynomials to the other fields, which reflects its strongly-coupled origin. These polynomials (V (h), F (h), and
are not truncated at canonical dimension four, but go to arbitrary order. (An additional operator of the structure (∂ µ h)(∂ µ )f (h) is also allowed by symmetry, but can be removed via field redefinitions, without loss of generality [89] .) The coefficients of these polynomials depend on v/f .
As the Lagrangian in Eq. (3.20) contains terms with arbitrarily high canonical dimension, the EFT can clearly not be organized in terms of canonical dimensions. Instead, it is organised by a generalisation of the momentum expansion of chiral perturbation theory [95] , the chiral dimensions [89, 90] . They reflect an expansion in terms of loops, which guarantees the renormalizability of the EFT at a fixed order in the expansion. The cutoff of the EFT is at Λ = 4πf , yielding the expansion parameter f 2 /Λ 2 = 1/16π 2 . For v < f , the parameter ξ = v 2 /f 2 is smaller than the unity and Eq. (3.20) can be further expanded in ξ. In this scenario, a double expansion in ξ and 1/16π 2 organises the EFT [96] , in the spirit of the strongly-interacting light Higgs Lagrangian [97] . In this double expansion, we still see some of the decoupling effects, but also a pattern of Wilson coefficients that is coming from the strong sector. Depending on the structure of the operators, they will be suppressed by ratios of scales (ξ, based on their canonical dimension) and loop factors (1/16π 2 , based on their chiral dimension). This creates an additional hierarchy among the operators of a given canonical dimension, compared to the weakly-coupled case of section 3. Some of the dimension six operators, corresponding to L ewχ LO , will only be suppressed by ξ, while other operators, corresponding to L ewχ NLO , will be suppressed by an additional loop factor, resulting in ξ/16π 2 . The former affects the Higgs sector with deviations of O(10%), dominating over effects in the gauge-fermion sector of the latter group, with deviations of O(1%) or below. This hierarchy also reflects the current experimental constraints: The gauge-fermion sector is rather strongly constrained, while large effects in the Higgs couplings are still possible. The ewχL of Eq. (3.20) is now expanded in both chiral and canonical dimensions.
Since ξ = O(0.1 − 0.2) [1, 50, 98, 99] , effects of O(ξ 2 ) could in principle be larger than the O(1/16π 2 ) effects. The leading effects in the double expansion are then given by expanding L LO up to O(ξ 2 ). A priori, the Higgs potential, which at this order contains both O 6 and O 8 , is of chiral dimension 0 and the dominating effect. However, the Higgs mass is then expected to be of order O(Λ), which would break the EFT approach. In order for this to make sense, the Higgs mass must be parametrically suppressed to appear at chiral dimension of 2 13 . An additional fine tuning of O(ξ) is needed for m h ∼ v. This, however, might only affect the mass term of the potential and the Higgs self-couplings could have large deviations from the SM, induced by c 6 and c 8 .
We can understand the enhancement on the operators in the potential by just dimensional analysis if we assume that the strongly-coupled theory is described by only one relevant coupling g * . To this aim, we need to abandon the convention = c = 1 recovering the physical dimensions of these two constants. It turns out that the coefficient of any operator involving r Higgs insertions and q derivatives scales as g 2 [55, 97, 100, 101] . Hence, scalar operators not carrying derivatives are enhanced with respect to the derivative ones by several powers of g * ( 1 in a strongly couple theory); e.g. c 6 ∼ g 2 * versus c d6 ∼ 1. We refer to Ref. [102] for a discussion on which scenarios show this enhancement while still having m h ∼ v. This justifies why we studied the effects of O 6 and O 8 , neglecting other effects, as first approximation.
To account for all leading effects consistently, we have to consider the full set of dimensionsix and dimension-eight operators that contribute at chiral dimension 2 for the expansion in ξ. The operators are
With the identification φ = (v+h) √ 2 U 0 1 , we find at the different orders of ξ:
13 This occurs naturally in composite Higgs models (CHMs), where the Higgs potential is generated radiatively and then comes with two powers of weak couplings (g 2 , y 2 ) and a corresponding loop suppression of the scale Λ 2 to the scale f 2 .
To bring the Lagrangian to the form of L ewχ LO in Eq. (3.20), we have to canonically normalise the field h using the field redefinition discussed in Ref. [89] . We find [103] h → h 1 − To obtain the right Higgs VEV and mass, the parameters µ 2 and λ have to fulfil 
we finally have
26) Additionally, for current Higgs observables, also the local GGh and γγh operators are important, even though they are formally of next-to-leading order. This is because these amplitudes arise at the one-loop level of the leading-order Lagrangian; see Ref. [104] . Such a Lagrangian is
After symmetry breaking and the field redefinition of Eq. (3.23), this creates a contribution that renormalizes the gluon kinetic term and therefore G µν . After this renormalization, we find The last term in each of the f Gi comes from the renormalization and is sub-leading. Finally, it is also worth noting that all these operators would contribute to the EWPT, as they alter the h c -dependent squared masses m 2 i in Eqs. (2.7)-(2.9). In addition, the derivative operator O d6 requires a reevaluation of the Coleman-Weinberg effective potential at finite temperature, as the field redefinition of Eq. (3.23) cannot be done in the unbroken phase [105, 106] . All these effects would be suppressed by v 2 /f 2 in a 0 , but would nevertheless have an impact on the computation of the quantities of the EWPT.
Current experimental results only constrain effective couplings with a single Higgs field [50, 98] , namely Y (1) t,b,τ , f 1 , and f G1 from the list above. From these, f 1 is the most constrained, but still allows for deviations of O(5%). The others are not constrained beyond O(10%). While from a bottom-up point of view a deviation in one of these couplings might hint to a deviation in λ 3 of comparable size, such conclusions are strongly model dependent. Double Higgs production, which would shed light on the λ 3 coupling of the Higgs potential in the SM, depends on five of the effective parameters from above [43, 107] if we restrict ourselves to the top loops only. These are Y (1) t , Y (2) t , f G1 , f G2 , and λ 3 . A large deviation in λ 3 from its SM value could then be not seen in the experiment because of the interplay with the otherwise unconstrained other parameters.
Conclusions
It is well known that the presence of higher-dimensional operators in the Standard Model Higgs potential can drastically influence the dynamics of the ElectroWeak (EW) symmetry breaking. Among the possible operators, the interactions O n = (φ † φ) n 2 , with φ being the Higgs doublet, have attracted a lot of attention to make the EW Phase Transition (EWPT) strongly first order while evading any scheduled LHC search. Achieving a strongly first order EWPT requires c 6 /f 2 1 TeV −2 , with f the cutoff of the theory and c 6 the coefficient of O 6 . This implies that f is likely too close to the EW scale for the dimension-six EFT to be accurate, at least in weakly-coupled theories. Dimension-eight operators have then to be considered as well, which is also the case when strongly-coupled sectors are present. Such sectors can also lead to naturally large corrections to the Higgs potential (in comparison with other operators). In view of this possibility, we have also examined the EFT where (only) both O 6 and O 8 are unsuppressed.
In the aforementioned dimension-eight setup, we have computed the parameters relevant for the EWPT, including the critical and nucleation temperatures and the VEVs of the Higgs at these temperatures. We have also estimated the latent heat and the inverse duration time of the phase transition, characterising the gravitational waves produced in the collisions of nucleated bubbles. Regarding the coefficients of O 6 and O 8 , c 6 and c 8 respectively, we have obtained that the parameter region 3 c 6 /f 2 + 3v 2 c 8 /(2f 4 ) 3.5 is in the reach of the future LISA experiment. Remarkably, due to the low LHC sensitivity to O 6 and O 8 , LISA will be the first experiment able to significantly constrain these operators. Concerning the reach of future colliders, we have shown that almost all values of interest will be probed by a future FCC-ee in double-Higgs production, while the whole parameter space will be testable combining double-and triple-Higgs production in hadronic colliders.
Given that the new physics matching the previous EFT must be quite low, we have also explored the possibility of producing the supposely heavy new fields at the LHC. Among the ultraviolet completions exhibiting only the operators O n , we have proven that in weaklycoupled setups consisting of new scalar singlets or triplets, the presence at low energies of other effective operators already quite constrained by LHC and EW precision data is unavoidable. (Of course, in scenarios with several scalars, a tuning in the fundamental parameters can still yield to an EFT where the coefficients c 6 and c 8 are substantially larger than those of the other effective operators.) On the contrary, in models involving only doublets or quadruplets (higher representations do only lead to O 6 at the loop level, being c 6 therefore very small to modify the EWPT), new symmetries can make all operators other than those modifing the scalar potential vanish. Such models still contain charged particles that can be produced in pairs via Drell-Yan and then decay into longitudinal polarizations of the gauge bosons. We have shown that even in the particular case of a custodial quadruplet, the LHC reach is far smaller than that of LISA.
